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A NOTE ON ANDREWS INEQUALITIES
HAO FANG, BIAO MA, AND WEI WEI
Abstract. In this note, we prove some extensions of Andrews inequality.
1. Introduction
In his work, Ben Andrews has proved the following geometric inequality for
closed Riemannian manifolds with positive Ricci curvature:
Theorem 1. Let (M, g) be an n dimensional closed Riemannian manifold with
positive Ricci curvature, Ricg. Then for any smooth function φ ∈ C∞(M, g),
(1.1)
n
n− 1
∫
M
φ2 dvg ≤
∫
M
Ric−1(∇φ,∇φ) dvg,
where the identity holds if and only if (M, g) is conformal to the n-sphere (Sn, gSn)
with its standard metric. In addition, g is invariant under an O(n − 1) isometry
group.
Inequality (1.1) has seen applications in the study of Ricci flow, see [BLN].
More recently, Gursky and Streets [GS1, GS2] have used (1.1) in a different area
of geometric analysis, namely, conformal geometry of 4-manifolds. σk Yamabe
problem is a recent focus in the study of conformal geometry. It is well known
that in dimension 4, the positivity of σ1 and σ2 curvatures implies the positivity of
Ricci curvature. Thus, (1.1) is applicable to such manifolds. Motivated by a similar
construction in Ka¨hler geometry, Gursky-Streets [GS1] have defined a formal metric
structure on all conformal metrics over a 4-manifoldsM with positive σ2 curvature.
They then applied (1.1) to establish the geodesic convexity of a crucial functional
defined by Chang-Gursky-Yang [CGY1]. Through further careful analysis, Gursky
and Streets are able to prove the uniqueness of the σ2 Yamabe problem solution.
This is a surprising result in contrast with the general dimension situation for the
standard Yamabe problem.
In this note, we are prove some extensions of Andrews inequality (1.1) and
explore further applications in conformal geometry.
First we discuss the case of conic manifolds.
Definition 2. Let (Mn, g0) be a compact smooth Riemannian n-manifold. For
some k ∈ N, assume that pi ∈M and 0 > βi > −1. Define a conformal divisor
D =
k∑
i=1
piβi,
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Let γ(x) be a function in C∞(Mn−{pi}) such that near pi, γ(x)−βi log ri is locally
smooth, where ri = distg0(x, pi) is the distance to pi. Let
(1.2) gD = e2γg0.
gD is a metric conformal to g0 onMn−{pi} which has a conical singularity at each
pi.
We define the conformal class of gD
[gD] := {gw = e2wgD : w ∈ Cβ(M, g0) ∩ C∞loc(M − {pi}), for someβ ∈ (0, 1)}.
Note [gD] depends only on (Mn, g0) and D. Let g1 ∈ [gD]. We call a 4-tuple
(Mn, g0, D, g1) a conic n-manifold, where g0 is the background metric and g1 is
the conic metric.
We remark here that our definition of conic singularity is in the sense of Cheeger-
Colding [CC1, CC2], which is different from the similar notation used in studies
of Ka¨hler geometry. For discussion of related conformal geometry problems on
conic manifolds, see for example [FW1, FW2, FW3] and [FM]. We also note that
for analytical consideration, we may relax the regularity of the conformal factor
function.
We mention a particular type of conic manifolds that are first discussed in Chang-
Han-Yang [CHY].
Definition 3. (Sn, gSn , D, g) is called a conic n-sphere of football type if D =
βp+ βq where β ∈ (−1, 0) and p, q are two distinct points on Sn.
Remark 4. For a conic n-sphere of football type, by a simple conformal transform,
we may assume that p, q are antipodal points on Sn. It is also clear that a conic
sphere of football type is conformally flat.
Our first main result is the following
Theorem 5. (Conic Andrews) Let (M, g0, D, g) be a compact n-dimensional conic
manifold with positive Ricci curvature and let α > 0 such that α + 2 min{βi} > 0.
Then for φ ∈ Cα(M, g0) ∩ C∞(M\D, g0) with
∫
M
φdvg = 0,
(1.3)
n
n− 1
∫
M\D
φ2 dvg ≤
∫
M\D
Ric−1(∇φ,∇φ) dvg.
In particular, the identity holds if and only if (M, g0, D, g) is conformal to a conic
sphere of football type with an O(n− 1) isometry group.
The second part of our note is on manifolds with boundary. Our result is the
following
Theorem 6. Let (M, g) be a connected n-dimensional compact manifold with bound-
ary ∂M . Suppose that M has positive Ricci curvature. Let II be the second fun-
damental form near ∂M, and assume that II ≥ 0 or equivalently, ∂M is weakly
convex. Then, for any φ such that
∫
M
φdvg = 0, we have
(1.4)
n
n− 1
∫
M
φ2 dvg ≤
∫
M
Ric−1(∇φ,∇φ) dvg,
where the equality holds if and only if (M, g) is conformal to an n-dimensional
hemisphere Sn+ with its standard metric; furthermore, g admits an O(n−1) isometry
group.
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Remark 7. In [Es], Escobar has studied the Laplacian eigenvalues with Neumann
boundary condition for manifolds with Ric ≥ (n − 1) and convex boundary. He
proved that the first eigenvalue λ1 ≥ n with the identity holds if and only if the
manifold is isometric to the standard hemisphere. In our case, M is less restricted
when the equality in (1.4) holds.
In summary, Theorems 5 and Theorem 6 are some natural extensions of the
original Andrews inequality, Theorem 1. We note that for various Andrews in-
equalities we have obtained, the equality cases all imply the conformal-flat-ness
and the existence of a relatively large isometry group.
We would like to make some further comments.
First, we raise a general question which may be of interest. For manifolds with
positive Ricci curvature, we may define for the following functional for non-zero
square integrable functions:
F (φ) =
∫
M
Ric−1(∇φ,∇φ) dvg∫
M
φ2 dvg
and (1.1) obviously gives an lower bound estimate. The corresponding Euler equa-
tion is thus
(1.5) δ(Ric−1dφ) = λφ,
which can be viewed as an eigenvalue problem of an elliptic operator.
Obviously, when the manifold is Einstein, this is just the well-known eigen-
value problem for the Laplacian operator. However, there are known examples of
non-Einstein manifolds with positive Ricci curvature. For instance, if k ≥ 4, the
connected sum M = #kCP2 admits no Einstein metric [Be], while there always
exists a metric on M with positive Ricci curvature due to Perelman [P]. Sha-Yang
[SY1, SY2] has constructed a class of Ricci positive manifolds which admit arbi-
trarily large Betti numbers. It may be of interest to study sharp Andrews type
inequality in these special cases.
Another direction of interest is to study the almost sharp Andrews inequality. We
may expect some rigidity results. For instance, when the first eigenvalue in (1.5) is
almost nn−1 , one may naively wish the manifold to be a sphere. However, Anderson
[An] constructs a metric on CPn with Ric ≥ n − 1 such that the Laplacian first
eigenvalue is arbitrarily close to n+ 1. We easily check that the first eigenvalue of
(1.5) in Anderson’s example can be arbitrarily close to nn−1 . For further discussions
on eigenvalue problems and rigidity results, see [Cg, Co, Pe2].
The rest of the paper is organized as follows. In Section 2, we discuss the warped
product structure which is crucial in our study of sharp Andrews inequality. In
Section 3, we prove Theorem 5. In Section 4, we prove Theorem 6.
2. Warped product
In this section, we discuss the geometry of warped products. Most of the results
in this section are well known and can be found in [Pe][IT][Ta][CC1][WY][CSZ,
CMM]. We state them for future use.
Definition 8. Let (Mn, g) be a n-dimensional Riemannian manifold. We callM is
a warped product ifM ' [a, b]×Nn−1 and g can be written as g = dr2 +f(r)2gN
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for some n−1-dimensional Riemannian manifold (Nn−1, gN ) and a positive function
f : [a, b]→ R . We use the following notation to denote a warped product:
M = [a, b]×f Nn−1.
Let φr : Nn−1 ↪→ Mn be the embedding of N at r ∈ (a, b). Let {xi}i=1,c...n−1
be a local coordinate on Nn−1. Then, (r, xi) gives a coordinate on Mn. Let
g,∇, Rijkl, Ric be the metric, connection, curvature tensor and Ricci curvature
tensor on Mn respectively and g¯ = gN , ∇¯, R¯ijkl, R¯ic be the corresponding metric,
connection, curvature tensor and Ricci curvature tensor on N , respectively. By
simple calculation, we have:
Lemma 9. Using notations as above, we have
∇∂r∂i = (ln f(r))′∂i, ∇∂i∂r = (ln f(r))′∂i,
∇∂i∂j = −f(r)f ′(r)g¯ij∂r + ∇¯∂i∂j .
The second fundamental form II = (hij) of the embedding φr is given by
II = −f(r)−1f ′(r)g¯ij .
By Gauss-Codazzi equation, we have
Rijkl − f(r)2R¯ijkl = hikhjl − hilhjk, Rrirj =
(
(ln f)′′ + [(ln f)′]2
)
gij .
For Ricci curvature tensor, we have
Ricij =
(
−f
′′
f
− (n− 2)
(
f ′
f
)2)
gij +Ricij ,(2.1)
Ricrr = −(n− 1) (f ′′/f) , Ricir = 0.
The next proposition characterizes the warped product structure, see [Pe].
Proposition 10. If there exists a function u on M such that
(2.2) ∇2u− ∆u
n
g = 0,
and du 6= 0, then M is locally a warped product. If du(p) = 0 at p ∈ M and
∆u(p) 6= 0, then g = dr2 +f(r)2ds2n−1, where ds2n−1 is the standard metric on n−1
sphere.
Proof. We sketch the proof here. Let α = du|du| , where |du| is computed using
gT
∗M , a metric on T ∗M that is canonically induced from g. By (2.2) and a direct
computation using (2.2), we get that dα = 0. Thus, we may define a local function
r such that dr = α. Thus, we have
(2.3) dr =
du
|du| .
LetH = {x ∈M, r = r0} be a level set of r. Thus, for x ∈M nearH, since |dr| = 1,
the distance from x toH can be computed as |r−r0|. By (2.3), for any vector field V
tangent to TH, we have du(V ) = 0. Thus, u is a function of r. Let f(r) = |∇u(r)|.
The metric g on M can then be locally written as g = dr2 + f(r)2gH,r in a open
domain (r0− , r0 + )×H inM . Here gH,0 is a metric on H. A direct computation
shows that gH,r is invariant along the ∂r direction. Hence gH,r = gH . For a local
critical point p ∈M of u, it is easy to see that H has to be Sn−1. 
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Figure 2.1. f(r) is concave
Proposition 11. We use notations as given in Definition 8 and Proposition 10. If
Ricci curvature is positive, then u is a Morse function, i.e. critical points of u are
non-degenerate. Moreover, critical points of u are local maximums or minimums .
Proof. Since Ricci curvature is positive, by (2.1), f ′′/f < 0. Hence, f(r) is strictly
concave. Therefore, along each geodesic generated by ∂r, u(r) has at most one
maximum and one minimum. Recall f(r(p)) = |∇u(p)|. If p is a critical point of u,
then f(r(p)) = 0 and
∇2u = f ′(r)g,
thus p can be a local maximum, minimum, or a degenerate critical point. Now,
suppose that p is a degenerate critical point of u. Let r1 = r(p). Then, f(r1) = 0
and f ′(r1) = 0, hence f(r) < 0 in a neighborhood of r1 which contradicts with the
fact that f is non-negative. Thus, p is non-degenerate. 
Since the flow of ∇u gives deformation retraction between level sets without
crossing critical points, as an easy application of Morse theory, we derive the fol-
lowing result.
Corollary 12. Let (M, g) be a connected compact manifold with positive Ricci
curvature. If there is a non-vanishing function u satisfying (2.2), then M is diffeo-
morphic to a sphere with warped product structure
g = dr2 + f(r)2gSn−1 ,
where gSn−1 is the standard metric on Sn−1.
Remark 13. By Morse theory, if M only has maximum and minimum as its critical
points, then M is homeomorphic to a sphere. The diffeomorphism follows from the
warped product structure.
A similar argument is used to derive the following result for conic manifolds.
Theorem 14. If a conic manifold (M, g0, D, g) with positive Ricci curvature admits
a function u ∈ C2,α+2βi(Bδ(pi), g0) ∩ C∞(M\D, g0) such that
Hessu =
∆u
n
g, M\D,
then |∇u| is constant on the level set of u. Let f(r) = |∇u|. Then (M, g) has to be
one of following:
A : g = dr2 +f(r)2gSn−1 on M\{q} = Sn−1×(0,∞) with limr→0 f(r)/r = 1+β,
here β ∈ (−1, 0) is the conic coefficient at conic point q ∈ D.
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B : g = dr2+f(r)2gSn−1 onM\{q, p} = Sn−1×(a, b) with limr→b | f(r)r−b | = 1+βb,
here βb ∈ (−1, 0) is the conic coefficient at conic point p ∈ D, and limr→a | f(r)r−a | =
1.
C : g = dr2 +f(r)2gSn−1 on M\{q, p} = Sn−1×(a, b) with limr→b | f(r)r−b | = 1+βb
and limr→a | f(r)r−a | = 1 + βa, here βa, βb ∈ (−1, 0) are conic coefficients at q, p ∈ D
respectively.
Proof. We follow the proof of Proposition 10 to define α, r, r0, H and f(r). Hence,
H is a hypersurface in M . We consider γ(r), a maximally extended flow line of
∂
∂r = ∇u/|∇u|. Thus, γ(r) is a geodesic and |γ′(r)| = 1. Since M is compact, γ is
of finite length. Furthermore, u|γ is increasing with respect to r. Also, recall
f(r) = |∇u(r)|.
Let p1, p2 ∈ ∂{γ(r)}. Then, we have f(r(pi)) = 0, i = 1, 2. Therefore, pi is either a
critical point of u, or a conic point. We claim that there are finitely many choices
of such pi for all possible choices of γ.
Fix i ∈ {1, 2}. If pi is one of the conic points, then, by definition they are isolated.
We claim that, near pi, the metric g can be written as g = dr2 + f(r)2gSn−1 , where
f(r) ≥ 0, f(0) = 0.
Actually near conic point pi, let g = e2vd(x, pi)2βig0, where v is Cα(M, g0) ∩
C∞(M\D, g0). Locally, there exists a function v2 which is smooth such that
v(x) = v(dg0(pi, x), θ) = v(0) + Ct
α + v2 = v1 + v2,
where t = dg0(pi, x) and v1 = v(0) + Ctα. Let dr = ev1(t)tβidt. Then, locally
g0 = dt
2 + gt,
where gt is a metric on Sn−1. In particular, since g0 is a smooth metric, we have
limt→0 gt/t2 = limt→0 gSn−1 and limt→0(
∂gt
∂t − 2t gt) = 0. For metric g, locally
g = e2vd(x, pi)
2βig0 = e
2v1t2βi(dt2 + gt) = dr
2 + f(r)2gSn−1 ,
Moreover, f ′(r) 6= 0 for r ∈ (0, ), since limr→0+ f ′(r) = 1 + βi.
If pi is a regular point of M , then it is a critical point of u. On a maximally
extended interval (a, b) of γ(r),
g = dr2 + f(r)2gH .
By the concavity of f , the critical point is non-degenerate, hence they are iso-
lated. In summary, we show that all possible choices of pi are isolated. Hence,
there exist finitely many pi.
Next, we consider the general geodesic flow in ∂∂r direction. Since dr is closed,
in a neighborhood of H, dr is integrable. Adjusting by a constant, we may assume
that r|H = 0. Then for  small, r−1(−, ) has a warped product structure. There
exists a a > 0 such that limr→a− f(r) = 0. Since all critical points are isolated, we
know that for geodesic flow γ(x, r):
lim
r→a−
γ(x, r) = p, ∀x ∈ H,
which means that all nearby points flow to one particular choice of pi.
Similarly, there exists some b > 0, such that limr→b+ f(r) = 0. Note that we
may have at most two critical points for warped product metric.
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We have the diffeomorphism
F : (b, a)×H →M\{p, q}
and on M\{p, q}, by the above argument
g = dr2 + f(r)2gH .
As g is conic metric at p, f(r)2gH = f(r)2gSn−1 with limr→0 f(r)/r = 1 + β,
here β is the conic coefficient for p.
We summarize our result. For a conic manifold, there exists at least one conic
point and we have three cases as below.
Case A: only one conic point q and without loss of generality F : (0,+∞)×H →
M\{q}.
We have
g = dr2 + f(r)2gSn−1
on M\q with limr→0 f(r)/r = 1 + β, here β is the conic coefficient of point q.
Case B: two critical points p, q including only one conic point p and F : (b, a)×
H →M\{p, q}.
We have that g = dr2 + f(r)2gSn−1 on M\{q, p} with limr→b | f(r)r−b | = 1 + βb,
where βb is the the conic coefficient of point p, and limr→a | f(r)r−a | = 1. In this case,
due to the existence of regular critical point p, we see that H is topological Sn−1.
Case C: two conic points p, q and F : (b, a)×H →M\{p, q}.
We have that g = dr2 + f(r)2gSn−1 on M\{q, p} with limr→b | f(r)r−b | = 1 + βb,
where βb is the conic coefficient of point p, and limr→a | f(r)r−a | = 1 + βa, where βa is
the conic coefficient of point q.
In particular, if g is smooth, then (M, g) is conformal to warped product N ×
(−∞,+∞), or Euclidean space or a sphere. 
3. Conic Andrews inequality
In this section, we deal with conic manifolds. We first prove an existence result
for Laplacian type equations, which is known to experts. We provide a proof here
just for completeness. We then prove Theorem 5.
We begin with a weighted Sobolev inequality from [ChC1]
Lemma 15. For α − τ + 2 > 0, and ϕ ∈ W 1,20 (Bn, |x|τ ), there exists a positive
constant Kq such that Kq(
∫
B
|ϕ|q|x|αdx)2/q ≤ ∫
B
|∇ϕ|2|x|τdx, where (n+α)p + 1 =
n+β
2 and 2 ≤ q < p and especially, K2 = 4(n+τ−2)2 .
Lemma 16. For a conic manifold (M, g0, D, g), given φ ∈ Cα(M, g0)∩C∞(M\D, g0)
satisfying
∫
Mn
φdvg = 0 for 0 < α < 1, there exists a unique solution u such that
4gu = φ and u ∈ C2,α+2βi(Bδ(pi), g0) ∩ C∞(M\D, g0) for α+ 2 min{βi} > 0.
Proof. This should be already known somewhere and we give a sketch of standard
proof for completeness.
Step 1: we prove that W 1,2(dvg) is compact in L2(dvg).
Let {uk} be a bounded sequence in W 1,2(dvg). Denote {χi} as a partition of
unity.
||uk − ul||2L2(dvg) ≤
∑
||χi(uk − ul)||2L2(dvg).
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On compact set suppχi, χiuk is compact in L2(dvg) from Lemma 15. By a
diagonal process, we have a Cauchy subsequence {uk} in L2(dvg).
Step 2: we claim that for given (Mn, g0, D, g), there exists a positive constant
C1 > 0 such that
∫
Mn
|∇gv|2 ≥ C1(
∫
Mn
v2dvg) for
∫
Mn
vdvg = 0.
Otherwise, there exists a sequence vi such that i
∫
Mn
|∇gvi|2 ≤ (
∫
Mn
v2i dvg) and∫
Mn
vidvg = 0.
Let v¯i = vi||vi||L2(dvg)
. We have ||v¯i||L2(dvg) = 1 and
∫
Mn
|∇g v¯i|2 ≤ 1i . So v¯i is
bounded in W 1,2(dvg).
By compactness, there exists a subsequence v¯i and v ∈ L2(dvg) such that ||v¯i −
v||L2(dvg) → 0 as i→∞. We have ∇v = 0 a.e. With
∫
Mn
vdvg = 0, v = 0, which is
contradicted to ||v¯i||L2(dvg) = 1. The claim is proved.
Step 3: We define I(v) = 12
∫
Mn
|∇gv|2dvg −
∫
Mn
φvdvg and µ = inf{I(v)|v ∈
W 1,2(Mn, g,D),
∫
Mn
vdvg = 0}.
I(v) ≥ 1
2
∫
Mn
|∇gv|2dvg − (
∫
Mn
v2dvg)
1/2(
∫
Mn
φdvg)
1/2
≥ 1
2
∫
Mn
|∇gv|2dvg − C1(
∫
Mn
|∇gv|2dvg)1/2(
∫
Mn
φ2dvg)
1/2
≥ (1
2
− )
∫
Mn
|∇gv|2dvg − C
∫
Mn
φ2dvg
Thus, inf I(v) exists for small . We can take a minimizing sequence vj , j ∈ N.
By the compactness, there exists a function u attaining the minimum.
There exists a solution u ∈ W 1,2(Mn, g,D) such that 4gu = φ with φ ∈
Cα(M, g0) ∩ C∞(M\D, g0). Near singularity pi, 4g0u = d(x, pi)2βiφ and near
pi, u ∈ C2,α+2βi(Bδ(pi), g0) ∩ C∞(M\D, g0) by classical Schauder theory. 
Now, we may give the proof of Theorem 5.
Proof of Theorem 5. For
∫
Mn
φdvg = 0, there exists a solution u ∈ C2,α+2βi(Bδ(pi), g0)∩
C∞(M\D, g0) such that 4gu = φ.
Near pl ∈ D, r = dg0(x, pl),
Γkij(x)
∼= r−2βlr2βl−1 = 1
r
, Γkijuk
∼= r−1+1+α+2βl = rα+2βl ,
∇juνi ∼= r−4βlrα+2βl+1,∇iju ∼= rα+2βl , dvg ∼= rnβl+n−1drdsn−1.
We obtain |∇2u−4un g|2gdvg ∼= Cr2α+n(1+βi)−1dr and
∫
Bδ(pi)\{pi} |∇2u−
4u
n g|2gdvg
is then well defined. Moreover, limδ→0
∫
Bδ(pi)\{pi} |∇2u−
4u
n g|2gdvg = 0. The proof
is similar to Andrews’s original proof and the only difference is to check the following
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∫
Mn\D
|∇2u− 4u
n
g|2gdvg
=
∫
Mn\D
(∇i∇ju− 4u
n
gij)(∇i∇ju− 4u
n
gij)dvg
=
∫
Mn\D
∇i∇ju∇i∇judvg +
∫
Mn\D
4u
n
gij
4u
n
gijdvg − 2
∫
Mn\D
∇i∇ju4u
n
gijdvg
= lim
ε→0
(
−
∫
Mn\∪ki=1Bε(pl)
∇i∇i∇ju∇judvg +
k∑
l=1
∫
∂Bε(pl)
∇i∇ju∇juνidvg
)
+
∫
Mn\D
(
4u
n
)2ndvg −
∫
Mn\D
2
(4u)2
n
=−
∫
Mn\D
(4u)2
n
−
∫
Mn\D
∇i∇i∇ju∇judvg + lim
ε→0
k∑
l=1
∫
∂Bε(pl)
∇i∇ju∇juνidvg.
Let us see
lim
ε→0
∫
∂Bε(pl)
∇i∇ju∇juνidvg ∼= lim
ε→0
εα+2βlεn+α+2βl = 0
if n+ 2α+ 4βl > 0.
−
∫
Mn\D
∇i∇i∇ju∇judvg
= −
∫
Mn\D
Riju
iujdvg −
∫
Mn\D
∇j4u∇judvg
= −
∫
Mn\D
Riju
iujdvg + lim
ε→0
∫
Mn\∪kl=1Bε(pl)
(4u)2dvg − lim
ε→0
k∑
l=1
∫
∂Bε(pl)
4u∇juνjdsg
= −
∫
Mn\D
Riju
iujdvg +
∫
Mn\D
(4u)2dvg.
Therefore∫
Mn\D
|∇2u− 4u
n
g|2gdvg = −
∫
Mn\D
Riju
iujdvg +
n− 1
n
∫
Mn\D
(4u)2dvg.
We also get
∫
Mn\D
(Rc−1)ij(∇iφ+ bRikuk)(∇jφ+ bRjlul)dvg
=
∫
Mn\D
(Rc−1)ijφiφjdvg + 2
∫
Mn\D
bukφkdvg +
∫
Mn\D
b2Riju
iujdvg
=
∫
Mn\D
(Rc−1)ijφiφjdvg +
∫
Mn\D
b2Riju
iujvg − 2
∫
Mn\D
b4uφdvg + 2 lim
ε→0
k∑
l=1
∫
∂Bε(pl)
bukνkφdsg
=
∫
Mn\D
(Rc−1)ijφiφjdvg +
∫
Mn\D
b2Riju
iujdvg − 2
∫
Mn\D
bφ2dvg.
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Taking a = 1/b, we obtain
0 ≤
∫
Mn\D
|∇2u− 4u
n
g|2gdvg + a2
∫
Mn\D
(Rc−1)ij(∇iφ+ bRikuk)(∇jφ+ bRjlul)
=−
∫
Mn\D
Riju
iujdvg +
n− 1
n
∫
Mn\D
(4u)2dvg + a2(
∫
Mn\D
(Rc−1)ijφiφjdvg
+
∫
Mn\D
b2Riju
iujdvg − 2
∫
Mn\D
bφ2dvg)
=
n− 1
n
∫
Mn\D
(4u)2dvg − 2a
∫
Mn\D
φ2dvg + a
2
∫
Mn\D
(Rc−1)ijφiφjdvg.
So
(−n− 1
n
+ 2a)
1
a2
∫
Mn\D
φ2dvg ≤
∫
Mn\D
(Rc−1)ijφiφjdvg.
Taking a = n−1n , we get the inequality.
When the Andrews inequality (1.3) is an equality, we have for 4u = φ,
∇2u− 4u
n
g = 0 on M\D
and
(3.1) ∇iφ+ n
n− 1Riku
k = 0 on M\D.
By Theorem 14, the metric g can be written as
(3.2) g = f(r)2dSn−1 + dr2.
where f = u′. Since
∫
M
4udvg =
∫
M
φdvg = 0, we have f(0) = f(a). Thus, by
Case C of Theorem 14, the conic coefficients of p and q are identical. A direct
computation from (3.2) shows that the metric is conformally flat. 
4. Andrews inequality for manifolds with boundary
In this section, we prove Theorem 1.4. We first prove that the inequality (1.4)
and then prove the rigidity result when the equality holds.
Proof of Inequality (1.4). Given φ ∈ C∞(M), we consider the following equation
with Neumann boundary condition:
(4.1)
{
∆u = φ, x ∈M,
uν = 0, x ∈ ∂M.
Here (4.1) is clearly solvable when
∫
M
φ = 0. As in the conic case, we consider the
following inequality
(4.2)
0 ≤
∫
M
∣∣∣∣∇2u− ∆un g
∣∣∣∣2 dvg +a2 ∫
M
(Ric−1)ij(∇iφ+ 1
a
Ricki uk)(∇jφ+
1
a
Rickjuk)dvg.
Note
(4.3)
∫
M
∣∣∣∣∇2u− ∆un g
∣∣∣∣2 dvg = ∫
M
|∇2u|2dvg − 1
n
∫
M
|∆u|2dvg.
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By Bochner formula:
(4.4) |∇2u|2 = ∆
(
1
2
|∇u|2
)
−∇u · ∇∆u−Ric(∇u,∇u).
Combine (4.3) and (4.4), we have
∫
M
|∇2u|2 =
∫
∂M
(
1
2
∂ν |∇u|2 −∆u∂νu
)
dσ +
∫
M
|∆u|2dvg −
∫
M
Ric(∇u,∇u)dvg.
(4.5)
Here, ν is the outer normal vector. In the second term in (4.2), we obtain
a2
∫
M
(Ric−1)ij(∇iφ+ 1
a
Ricki uk)(∇jφ+
1
a
Rickjuk)dvg
= a2
∫
M
Ric−1(∇φ,∇φ)dvg + 2a
∫
M
∇φ · ∇udvg +
∫
M
Ric(∇u,∇u)dvg.(4.6)
Note
(4.7)
∫
M
∇φ · ∇udvg =
∫
∂M
φ∂νudσ −
∫
M
φ2dvg =
∫
∂M
∆u∂νudσ −
∫
M
φ2dvg.
Combining (4.2),(4.5),(4.6), and (4.7), we get
0 ≤
(
n− 1
n
− 2a
)∫
M
φ2 + a2
∫
M
(Ric−1)ij∇iφ∇jφ
+
∫
∂M
(
1
2
∂ν |∇u|2 + (2a− 1)∆u∂νu
)
dσ.(4.8)
Next, we compute boundary terms. With uν = 0 on ∂M , we write
(4.9) ∇u|∂M = uiei,
where e1, e2 · · · en−1 ∈ TM form a local orthonormal frame tangential to the bound-
ary. Then
ν(|∇u|2) = 2〈∇ν∇u,∇u〉(4.10)
= 2Hessu(∇u, ν).
Recalling
II(α, β) = 〈∇αβ,−ν〉|∂M
is the second fundamental form of the boundary ∂M with respect to the inner
normal vector field −ν. Since uν = 0, we obtain
0 = ek〈∇u, ν〉 = 〈∇ek∇u, ν〉+ 〈∇u,∇ekν〉(4.11)
= Hessu(ei, ν) + II(ek,∇u).
Thus, by (4.9) and (4.11)
2Hessu(∇u, ν) = 2uiHessu(ei, ν)
= −2uiII(ei,∇u)
= −2II(∇u,∇u).
Notice that the boundary term in (4.8) is∫
∂M
(
1
2
∂ν |∇u|2 + (2a− 1)∆u∂νu
)
dσ = −
∫
∂M
II(∇u,∇u)dσ,(4.12)
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since uν = 0. By (4.8) and the assumption II ≥ 0, we have
0 ≤
∫
∂M
II(∇u,∇u) ≤
(
n− 1
n
− 2a
)∫
M
φ2 + a2
∫
M
(Ric−1)ij∇iφ∇jφ,
Therefore,
−
(
n− 1
n
− 2a
)∫
M
φ2 ≤ a2
∫
M
(Ric−1)ij∇iφ∇jφ.
Then the boundary Andrews inequality (1.4) follows by choosing a = n−1n . 
Next, we discuss the equality case of (1.4). An immediate consequence of the
proof of (1.4) is the following corollary:
Corollary 17. The equality in Andrews inequality (1.4) holds if and only if there
is a function u such that
(4.13)
{
∇2u− ∆un g = 0,
II(∇u,∇u)|∂M = 0,
where φ = ∆u.
Proof. The first restriction ∇2u − ∆un g = 0 implies that M is locally a warped
product. In fact, locally we have the warped product structure,
gM = dr
2 + f(r)2gN ,
where dr = du|du| , and f = |du|, see Proposition 10. Then, φ = f ′(r) , and by (2.1),
we see that
∇φ+ n
n− 1Ric(∇u) = 0,
holds automatically. 
Since u restricted on ∂M also yields a locally warped product structure, we now
state a rigidity result for ∂M .
Corollary 18. If the equality in Andrews inequality (1.4) holds, then (∂M, g|∂M )
is conformal to a n− 1 sphere with the standard structure.
Proof. Let u¯ = u|∂M be the restriction of u on the boundary. Let g¯, ∇¯ be the
induced metric and connection on ∂M . Since uν = 0, we have that ∇u¯ = ∇u|∂M .
Let e1 · · · en−1 be a local orthonormal frame on ∂M . We compute the Hessian of
u¯:
Hessu¯(ei, ej) = 〈∇¯ei∇u¯, ej〉g¯
= 〈∇ei∇u− 〈∇ei∇u, ν〉ν, ej〉g
= 〈∇ei∇u, ej〉g
= Hessu(ei, ej)|∂M .
Therefore, by (4.13),
Hessu¯ =
∆u
n
g|∂M = ∆u
n
g¯ =
∆¯u¯
n− 1 g¯.
Then, using Corollary 12 for ∂M and u¯, ∂M is a warped sphere. We finish the
proof. 
If ∂M is connected, by Theorem 1, ∂M is conformal to the standard n−1 sphere.
In order to finish our argument forM , we need to establish the connect-ness of ∂M
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Proposition 19. If M is connected, then u can only have one maximum and one
minimum. Furthermore, ∂M is connected and M has to be a hemisphere.
Proof. This is a straightforward application of Morse theory. We first observe that
by Proposition 11, there are only maximums and minimums on M . Suppose that
∂M has at least two connected components. Then u has at least one maximum on
each boundary component which also happens to be the local maximum of u in M .
Let p1, · · · , pk be maximum points of u. Consider the flow given by
d
dt
φt(x) = −∇u(φt(x)).
Note the flow φ is compatible with the boundary since ∇u is tangent to the bound-
ary. Let
D(pi) = {x ∈M : lim
t→−∞φt(x) = pi}.
be the unstable manifold of pi. For two different local maximums p1 and p2, if
critical point q ∈ D(p1) ∩ D(p2), then q has to be a critical point of u with non-
trivial index which however does not exist. Therefore, D(p1) ∩ D(p2) = ∅, which
implies thatM is not connected. This is a contradiction. We have thus proved that
∂M is connected. 
Proof of Theorem 6. We prove the rigidity result when the equality holds in (1.4).
By Proposition 19, there is only one maximum p and one minimum q on M which
also lie on the boundary. Since p is non-degenerate, near p, level sets of u near local
maximum are diffeomorphic to a (n−1) dimensional hemisphere by Morse Lemma.
Take  small and let L be the level set u−1(u(p)− ). For generic choice of , L is
a smooth hypersurface with boundary. Since ∇u = ∇¯u|∂M , we see that M has a
warped product metric given by
g = dr2 + f(r)2gL,
where r and f = |∇u| are globally defined since M − {p, q} is contractible. Note
f(r(p)) = 0 if p ∈ ∂M is a critical point of u. Without loss of generality, we assume
that r(p) = 0. By restricting the warped product structure to ∂M , we see that
(4.14) lim
r→0
(f(r)2/r2)g∂L = gSn−2 .
In fact, by choosing a geodesic polar coordinate at p on ∂M and ∇u = ∇¯u|∂M ,
we see (4.14) easily. On the other hand, p is also a maximum point on M . Since
p ∈ ∂M , by the same argument,
lim
r→0
(
f(r)
r
)2gL = gSn−1+
,
where gSn−1+ is the standard metric on unit hemisphere. Therefore, gL = c
2 · gSn−1+
for some constant c and the metric on M is given by
g = dr2 + f˜(r)2gSn−1+
,
for some f˜(r) = 1cf(r). Now, this warped product structure can be extended to
the whole manifold except the critical points of u. Same argument works for the
global minimum point q. Thus, the warped product structure can be extended to
q. Finally, a direct computation shows that the second fundamental form of ∂M
vanishes identically, which implies that ∂M is totally geodesic. We have finished
the proof. 
A NOTE ON ANDREWS INEQUALITIES 14
References
[An] Anderson, Michael T. Metrics of positive Ricci curvature with large diameter.
manuscripta mathematica 68.1 (1990): 405-415.
[Be] Besse, Arthur L, Einstein manifolds. Springer Science & Business Media, 2007.
[BNR] Borodzik, Maciej; Némethi, András; Ranicki, Andrew Morse theory for manifolds with
boundary. Algebr. Geom. Topol. 16 (2016), no. 2, 971–1023.
[CSZ] Cao, Huai-Dong; Sun, Xiaofeng; Zhang, Yingying, On the structure of gradient Yamabe
solitons. Math. Res. Lett. 19 (2012), no. 4, 767–774.
[CMM] Catino, Giovanni; Mantegazza, Carlo; Mazzieri, Lorenzo, On the global structure of
conformal gradient solitons with nonnegative Ricci tensor. Commun. Contemp. Math. 14
(2012), no. 6, 1250045, 12 pp.
[Cg] Cheng, Shiu-Yuen. Eigenvalue comparison theorems and its geometric applications. Math-
ematische Zeitschrift 143.3 (1975): 289-297.
[Co] Colding, Tobias H. Large manifolds with positive Ricci curvature. Inventiones mathemat-
icae 124.1-3 (1996): 193-214. APA
[CC1] Cheeger, Jeff; Colding, Tobias H, Lower bounds on Ricci curvature and the almost rigidity
of warped products. Ann. of Math. (2) 144 (1996), no. 1, 189–237.
[CC2] Cheeger, Jeff; Colding, Tobias H, On the structure of spaces with Ricci curvature bounded
below. I. Journal of Differential Geometry 46, no. 3 (1997), 406-480.
[CGY1] Chang, Sun-Yung A.; Gursky, Matthew J.; Yang, Paul, An equation of Monge-Ampère
type in conformal geometry, and four-manifolds of positive Ricci curvature. Ann. of Math.
(2) 155 (2002), no. 3, 709–787.
[CHY] Chang, Sun-Yung A.; Han, Zheng-Chao; Yang, Paul, Classification of singular radial
solutions to the σk Yamabe equation on annular domains. J. Differential Equations 216
(2005), no. 2, 482–501.
[BLN] B Chow, P Lu, L Ni, Hamilton’s Ricci flow, Graduate Studies in Mathematics 77, Science,
Beijing (2006).
[ChC1] Chou, Kai Seng; Chu, Chiu Wing, On the best constant for a weighted Sobolev-Hardy
inequality. J. London Math. Soc. (2) 48 (1993), no. 1, 137–151.
[FW1] Fang, Hao; Wei, Wei, σ2 Yamabe problem on conic 4-spheres, Calc. Var. (2019) 58: 119.
[FW2] Fang, Hao; Wei, Wei, σ2 Yamabe problem on conic spheres II:boundary compactness of
the moduli, arxiv1909.13418.
[FW3] Fang, Hao;Wei, Wei, A σ2 Penrose inequality for conformal asymptotically hyperbolic
4-discs, arxiv2003.02875.
[FM] Fang, Hao; Ma, Biao, Constant Q-curvature metrics on conic 4-manifolds.
arXiv:1907.03409.
[JMR] Jeffres, Thalia; Mazzeo, Rafe; Rubinstein, Yanir A, Kähler-Einstein metrics with edge
singularities. Ann. of Math. (2) 183 (2016), no. 1, 95–176.
[Ta] Tashiro, Yoshihiro, Complete Riemannian manifolds and some vector fields. Trans. Amer.
Math. Soc. 117 (1965), 251–275.
[IT] Ishihara, Shigeru; Tashiro, Yoshihiro, On Riemannian manifolds admitting a concircular
transformation. Math. J. Okayama Univ. 9 (1959/60), 19–47.
[GS1] Gursky, Matthew; Streets, Jeffrey, A formal Riemannian structure on conformal classes
and uniqueness for the σ2-Yamabe problem. Geom. Topol. 22 (2018), no. 6, 3501–3573.
[GS2] Gursky, Matthew; Streets, Jeffrey, Variational structure of the σn/2-Yamabe problem.
Differential Geom. Appl. 56 (2018), 187–201.
[CZ] Calamai, Simone; Zheng, Kai, Geodesics in the space of Kähler cone metrics, I. Amer. J.
Math. 137 (2015), no. 5, 1149–1208.
[P] Perelman, Galina, Construction of manifolds of positive Ricci curvature with big volume
and large Betti numbers. Comparison geometry (Berkeley, CA, 1993–94) 30 (1997), 157-
163.
[WY] Wu, GuoQiang; Ye, RuGang, A note on Obata’s rigidity theorem. Commun. Math. Stat.
2 (2014), no. 3-4, 231–252.
[Pe] Petersen, P., Axler, S. and Ribet, K.A., 2006. Riemannian geometry (Vol. 171, pp. xvi+-
401). New York: Springer.
[Pe2] Petersen, Peter, On eigenvalue pinching in positive Ricci curvature. Inventiones mathe-
maticae 138.1 (1999), 1-21.
A NOTE ON ANDREWS INEQUALITIES 15
[SY1] Sha, Ji-Ping, and DaGang Yang, Positive Ricci curvature on the connected sums of
Sn × Sn. Journal of Differential Geometry 33.1 (1991), 127-137.
[SY2] Sha, Ji-Ping, and DaGang Yang, Examples of manifolds of positive Ricci curvature.
Journal of Differential Geometry. 29(1989), no.1, 95-103.
[Es] Escobar, José F, Uniqueness theorems on conformal deformation of metrics, Sobolev
inequalities, and an eigenvalue estimate. Comm. Pure Appl. Math. 43 (1990), no. 7,
857–883.
E-mail address: hao-fang@uiowa.edu
E-mail address: biao-ma@uiowa.edu
E-mail address: wei_wei@fudan.edu.cn
